Abstract. Let G be a cocompact lattice in a virtually connected Lie group or the fundamental group of a 3-dimensional manifold. We will prove the Ktheoretic Farrell-Jones Conjecture (up to dimension one) and the L-theoretic Farrell-Jones Conjecture for G, where we allow coefficients in additive Gcategories with (involution).
Remark 0.4 (The "up to dimension one" condition). A recent result of Wegner [39] extends the K-theoretic result in [5, Theorem B] ) for CAT(0)-groups to all dimensions. Using this result it is possible to drop "up to dimension one" in Theorems 0.2 and 0.3. So using [39] we get the full K-theoretic Farrell-Jones Conjecture in these cases.
Remark 0.5 (Finite wreath products). Actually, all the results above do hold for the more general version of the Farrell-Jones Conjecture, where one allows finite wreath products, i.e, the "with finite wreath product" version holds for a group G, if the version above holds for the wreath product G ≀ F for any finite group F . The "with finite wreath product" version has the extra feature that it holds for a group G if it holds for some subgroup H ⊆ G of finite index.
The paper is organized as follows. We will briefly review the Farrell-Jones Conjecture and its relevance in Section 1. In this section we also collect a number of results about the Farrell-Jones Conjecture that will be used throughout this paper. In Sections 2 we treat the case of virtual finitely generated abelian group. Here we follow an argument of Quinn [33, Sections 2 and 3.2] and extend it to our setting. The main difference is that the present proof depends on a different control theory; we use Theorem 1.16 (which is proved in [7] ) instead of results from [32] . The main work of this paper is done in Section 3 where we treat special affine group. This section builds on ideas from Farrell-Hsiang [21] and Farrell-Jones [23] . The proof of Theorem 0.1 is given in Section 4. Theorem 0.2 is proved in Section 5 by reducing it to Theorem 0.1 and [5, Theorem B] . Fundamental groups of 3-manifolds are discussed in 6. In Section 7 we reduce the family of virtually cyclic subgroups to a smaller family extending previous results of Quinn [33] for untwisted coefficients in rings to the more general setting of coefficients in additive categories.
The work was financially supported by the Sonderforschungsbereich 878 -Groups, Geometry & Actions -and the Leibniz-Preis of the last author. And the second author was partially supported by an NSF grant.
A brief review of the Farrell-Jones Conjecture with coefficients
We briefly review the K-theoretic and L-theoretic Farrell-Jones-Conjecture with additive categories as coefficients.
Given a group G, a family of subgroups F is a collection of subgroups of G such that H ∈ F , g ∈ G implies gHg −1 ∈ F and for any H ∈ F and any subgroup K ⊆ H we have K ∈ F .
For the notion of a classifying space E F (G) for a family F we refer for instance to the survey article [29] .
The natural choice for F in the Farrell-Jones Conjecture is the family VCyc of virtually cyclic subgroups but sometimes it is useful to consider in between other families for technical reasons. [6] , [12] . They encompass the versions for group rings RG over arbitrary rings R, where one can built in a twisting into the group ring or treat more generally crossed product rings R * G and one can allow orientation homomorphisms w : G → {±1} in the L-theory case. Moreover, inheritance properties are built in and one does not have to pass to fibered versions anymore as explained in Subsection 1.3. Example 1.5 (Torsionfree G and regular R). If R is regular and G is torsionfree, then the Farrell-Jones Conjecture reduces to the claim that the classical assembly maps
are bijective for n ∈ Z, where BG is the classifying space of BG and H * −; K R and H * −; L −∞ R are generalized homology theories with H n pt; K R ∼ = K n (R) and H n pt;
Here is a variant of the K-theoretic Farrell-Jones Conjecture 1.1 which often suffices for the geometric or algebraic applications. Definition 1.6 (K-theoretic Farrell-Jones Conjecture with additive categories as coefficients up to dimension one). Let G be a group and let F be a family of subgroups. Then G satisfies the K-theoretic Farrell-Jones Conjecture with additive categories as coefficients with respect to F up to dimension one if for any additive G-category A the assembly map 1.2. Applications. For more information about the Farrell-Jones Conjecture and its applications we refer to [10] and the survey article [30] . At least we mention that the Farrell-Jones Conjecture implies some prominent conjectures:
• Bass Conjecture One version of the Bass Conjecture predicts the possible values of the Hattori-Stallings rank of a finitely generated RG-module extending wellknown results for finite groups to infinite groups. If R is a field of characteristic zero, it follows from the K-theoretic FJC up to dimension one.
• Borel Conjecture
The Borel Conjecture says that a closed aspherical topological manifold N is topologically rigid, i.e, any homotopy equivalence M → N with a closed topological manifold as source and N as target is homotopic to a homeomorphism. The Borel Conjecture is known to be true in dimensions ≤ 3. It holds in dimension ≥ 5 if the fundamental group satisfies the K-theoretic FJC up to dimension one and the L-theoretic FJC.
• Homotopy invariance of L 2 -torsion There is the conjecture that for two homotopy equivalent finite connected CW -complexes whose universal coverings are det-L 2 -acyclic the L 2 -torsion of their universal coverings agree. This follows from the Ktheoretic FJC up to dimension one.
• Kaplansky Conjecture
The Kaplansky Conjecture predicts for an integral domain R and a torsionfree group G that 0 and 1 are the only idempotents in RG. If R is a field of characteristic zero or if R is a skewfield and G is sofic, it follows from the K-theoretic FJC up to dimension one.
• Moody's Induction Conjecture
If R is a regular ring with Q ⊆ R, e.g., a skewfield of characteristic zero, then Moody's Induction Conjecture predicts that the map
is bijective. Here the colimit is taken over the full subcategory of the orbit category whose objects are homogeneous spaces G/H with finite H. It follows from the K-theoretic FJC up to dimension one.
If F is a skewfield of prime characteristic p, then Moody's Induction Conjecture predicts that the map [1/p] is bijective. This also follows from the K-theoretic FJC up to dimension one.
• Poincaré duality groups Let G be a finitely presented Poincaré duality group of dimension n. Then there is the conjecture that G is the fundamental group of a compact ANR-homology manifold. This follows in dimension n ≥ 6 if the fundamental group satisfies the K-theoretic FJC up to dimension one and the L-theoretic FJC (see [11, Theorem 1.2] ). In order to replace ANRhomology manifolds by topological manifold, one has to deal with Quinn's resolution obstruction (see [16] , [31] ).
• Novikov Conjecture
The Novikov Conjecture predicts for a group G that the higher Gsignatures are homotopy invariants and follows from the L-theoretic FJC.
• Serre Conjecture
The Serre Conjecture predicts that a group G of type FP is of type FF. It follows from the K-theoretic FJC up to dimension one.
• Vanishing of the reduced projective class group Let G be a torsionfree group and R a regular ring. Then there is the conjecture that the change of rings map K 0 (R) → K 0 (RG) is bijective. In particular the reduced projective class group K 0 (RG) vanishes if R is a principal ideal domain. This follows from the K-theoretic FJC up to dimension one.
• Vanishing of the Whitehead group
There is the conjecture that the Whitehead group Wh(G) of a torsionfree group G vanishes. This follows from the K-theoretic FJC up to dimension one.
1.3. Inheritance properties. The formulation of the Farrell-Jones Conjecture with additive categories as coefficients has the advantage that the various inheritance properties which led to and are guaranteed by the so called fibered versions are automatically built in (see [6, Theorem 0.7] ). This implies the following results. (see [6, Theorem 1.7 (Directed colimits). Let {G i | i ∈ I} be a directed system (with not necessarily injective structure maps) and let G be its colimit colim i∈I G i . Suppose that G i satisfy the K-theoretic FJC for every i ∈ I. Then G satisfies the K-theoretic FJC.
The same is true for the for the L-theoretic FJC and for up to dimension one version of the K-theoretic FJC.
Suppose that the group Q and for any virtually cyclic subgroup V ⊆ Q the group p −1 (V ) satisfy the K-theoretic FJC. Then the group G satisfies the K-theoretic FJC.
The same is true for the for the L-theoretic FJC and for up to dimension one version of the K-theoretic FJC. Theorem 1.10 (Free and direct products). If the groups G 1 and G 2 satisfy the Ktheoretic FJC, then their free amalgamated product G 1 * G 2 and their direct product
The same is true for the for the L-theoretic FJC and for up to dimension one version of the K-theoretic FJC. Theorem 1.8 and Theorem 1.9 have also been proved in [25] . Theorem 1.11 (Transitivity Principle). Let F ⊆ G be two families of subgroups of G. Assume that for every element H ∈ G the group H satisfies the K-theoretic Farrell-Jones Conjecture with additive categories as coefficients for the family
Then the relative assembly map
is an isomorphism for any additive G-category A and all n ∈ Z.
In particular, G satisfies the K-theoretic Farrell-Jones Conjecture with additive categories as coefficients for the family G if and only if G satisfies the K-theoretic Farrell-Jones Conjecture with additive categories as coefficients for the family F The same is true for the for the L-theoretic FJC and for up to dimension one version of the K-theoretic FJC.
Proof. Given an additive G-category A with involution, one obtains in the obvious way a homology theory over the group G in the sense of [2, Definition 1.3] using [6, Lemma 9.5] . In Bartels-Echterhoff-Lück [2, Theorem 3.3 ] the Transitivity Principle is formulated for homology theories over a given group G. Its proof is a slight variation of the proof for an equivariant homology theory in Bartels-Lück [3, Theorem 2.4, Lemma 2.2] and it yields the claim. Corollary 1.12. Let 1 → K → G → Q → 1 be an exact sequence of groups. Suppose that Q satisfies the K-theoretic FJC and that K is finite. Then G satisfies the K-theoretic FJC.
We mention already here the following corollary of the Transitivity Principle 1.8, Theorem 0.1 and Lemma 4.2 (v). Corollary 1.13. Let 1 → K → G → Q → 1 be an exact sequence of groups. Suppose that Q satisfies the K-theoretic FJC and that K is virtually poly-Z. Then G satisfies the K-theoretic FJC.
The same is true for the for the L-theoretic FJC and for up to dimension one version of the K-theoretic FJC. Remark 1.14 (Virtually nilpotent groups). The inheritance properties allows sometimes to prove the FJC for other interesting groups. For instance, we can show that every virtually nilpotent group satisfies both the K-theoretic and the L-theoretic FJC. This follows from the argument appearing in the proof of [10, Lemma 2.13] together with Theorem 0.1, Theorem 1.7 and Theorem 1.8.
1.4.
A strategy. In this subsection we present a general strategy to prove the FJC. It is motivated by the paper of Farrell-Hsiang [21] .
We call a simplicial G-action on a simplicial X cell preserving if the following holds: If σ is a simplex with interior σ
• and g ∈ G satisfy g · σ • ∩ σ • = ∅, then we get g · x = x for all x ∈ σ. If G acts simplicially on X, then the induced simplicial G-action on the barycentric subdivision X ′ is always cell preserving. The condition cell preserving guarantees that X with the filtration by its skeletons coming from the simplicial structure on X is a G-CW -complex structure on X.
Recall that a finite group H is called p-hyperelementary for a prime p, if there is a short exact sequence 0 → C → H → P → 0 with P a p-group and C a cyclic group of order prime to p. It is called hyperelementary if it is hyperelementary for some prime p.
We recall the following definition from [7] . Definition 1.15 (Farrell-Hsiang group). Let F be a family of subgroups of the finitely generated group G. We call G a Farrell-Hsiang group with respect to the family F if the following holds for a fixed word metric d G : There exists a natural number N such that such that for any R > 0, ǫ > 0 there is a surjective homomorphism α R,ǫ : G → F R,ǫ with F R,ǫ a finite group such that the following condition is satisfied. For any hyperelementary subgroup H of F R,ǫ we set H := α −1 R,ǫ (H) and require that there exists a simplicial complex E H of dimension at most N with a cell preserving simplicial H-action whose stabilizers belong to F , and an H-equivariant map f H :
The next result is proved in [7] . Theorem 1.16 (Farrell-Hsiang groups and the Farrell-Jones-Conjecture). Let G be a Farrell-Hsiang group with respect to the family F in the sense of Definition 1.15. Then G satisfies the K-theoretic and the L-theoretic Farrell-Jones Conjecture with additive categories as coefficients with respect to the family F (see Definition 1.1 and Definition 1.2).
Virtually finitely generated abelian groups
In this section we prove the K-theoretic and the L-theoretic Farrell-Jones Conjecture with additive categories as coefficients with respect to the family VCyc (see Definition 1.1 and Definition 1.2) for virtually finitely generated abelian groups. This will be one ingredient and step in proving the K-theoretic and the L-theoretic FJC for virtually poly-Z groups.
Theorem 2.1 (Virtually finitely generated abelian groups). Both the K-theoretic and the L-theoretic FJC hold for virtually finitely generated abelian groups.
Remark 2.2. Since a virtually finitely generated abelian group possesses an epimorphism with finite kernel onto a crystallographic group (see for instance [33 A crystallographic group ∆ of rank n is a discrete subgroup of the group of isometries of R n such that the induced isometric group action ∆ × R n → R n is proper and cocompact. The translations in ∆ form a normal subgroup isomorphic to Z n which is called the translation subgroup and will be denoted by A = A ∆ . It is equal to its own centralizer. The quotient F ∆ := ∆/A ∆ is called the holonomy group and is a finite group.
A group G is called an abstract crystallographic group of rank n if it contains a normal subgroup A which is isomorphic to Z n , has finite index and is equal to its own centralizer in G. Such a subgroup A is unique by the following argument. The centralizer in G of any subgroup B of A, which has finite index in A, is A, since any automorphism of A which induces the identity on B is itself the identity. Suppose that A ′ is another normal subgroup which is isomorphic to Z n , has finite index and is equal to its own centralizer in G. Then A ∩ A ′ is a normal subgroup of A and of A ′ of finite index. Hence A = A ′ , as both A and A ′ coincide with the centralizer of A ∩ A ′ . In particular A is a characteristic subgroup of G, i.e., any group automorphism of G sends A to A.
Every abstract crystallographic group G of rank n is a crystallographic group of rank n whose group of translations is A and vice versa (see [17, Definition 1.9 and Proposition 1.12]). The rank of a crystallographic group is equal to its virtual cohomological dimension. Notation 2.3. Let A be an abelian group and s be an integer. We denote by sA or s · A the subgroup of A given the image of the map s · id A : A → A and by A s the quotient A/sA. 
Given an abelian group A, let A⋊ − id Z/2 be the semidirect product with respect to the automorphism − id : A → A.
Lemma 2.5. Let ∆ be a crystallographic group. Let s = 0 be an integer.
(i) There exists an s-expansive map φ :
(ii) For every s-expansive map φ : ∆ → ∆ there exists u ∈ R n such that the affine map a s,u :
Then there exists an s-expansive map φ : ∆ → ∆ and an element v ∈ R such that H ⊆ im(φ) and the map a :
Since A ∆ is abelian, isomorphism classes of extensions with A ∆ as normal subgroup and F ∆ as quotient are in one to one correspondence with elements in H 2 (F ∆ ; A ∆ ) (see [15, Theorem 3.12 in Chapter IV on page 93]). Let Θ be the class associated to the extension 1 (iii) In the case ∆ = Z n just take φ = s · id Z n . It remains to treat the case ∆ = Z n ⋊ − id Z/2. Let t be the generator of Z/2. We write the multiplication in Z/2 multiplicatively and in Z n additively. For an element u ∈ Z n we define an injective group homomorphism
n . This is well defined as the following calculation shows for
and
Obviously φ u is s-expansive. Let pr : ∆ → Z/2 be the projection. If pr(H) is trivial, we can choose φ 0 . Suppose that pr(H) is non-trivial. Then there is u ∈ Z n with ut ∈ H. Consider any element x ∈ H ∩ Z n . Then by assumption we can find y ∈ Z n with x = s · y and hence φ u (y) = x. Consider any element of the form xt which lies in H. Then (xt) · (ut) = x − u lies in H ∩ Z n and hence in im(φ u ). Since ut and (xt) · (ut) lie in the image of φ u , the same is true for xt. We have shown H ⊆ im(φ u ).
One easily checks that the map a : R n → R n , x → s · x + u/2 is φ u -equivariant. This finishes the proof of Lemma 2.5.
2.2. The Farrell-Jones Conjecture for certain crystallographic groups of rank two. We will handle the general case of a virtually finitely generated abelian group by induction over its virtual cohomological dimension. For this purpose we have to handle the following special low-dimensional cases first.
The 
for all
Lemma 2.8. Both the K-theoretic and the L-theoretic FJC hold for Z 2 and
Proof. Because of Theorem 1.9 applied to Z 2 ⊆ Z 2 ⋊ − id Z/2 it suffices to prove the claim for Z 2 ⋊ − id Z/2. Because of Theorem 1.16 it suffices to show that Z 2 ⋊ id Z is a Farrell-Hsiang group with respect to the family VCyc in the sense of Definition 1.15.
In the sequel we abbreviate ∆ := Z 2 ⋊ − id Z/2. We have the obvious short exact
given by the evaluation of the obvious isometric proper cocompact ∆-action on R 2 is by theŠvarc-Milnor Lemma (see [14, Proposition 8.19 in Chapter I.8 on page 140]) a quasi-isometry if we equip R n with the Euclidean metric d euc . Hence we can find constants C 1 and C 2 such that for all g 1 , g 2 ∈ ∆ we have
Consider positive real numbers R and ǫ. Choose two different odd prime numbers p and q satisfying
For a natural number s define ∆ s to be ∆/sZ 2 . We have the obvious exact sequence
The canonical projection α pq : ∆ → ∆ pq will play the role of the map α R,ǫ appearing in Definition 1.15. Let H ⊆ ∆ pq be a l-hyperelementary subgroup for some prime l. Since p and q are different, we can assume without loss of generality l = p. Then the canonical projection π : ∆ pq → ∆ p sends H ∩ Z 2 /pqZ 2 to a cyclic subgroup C of Z 2 /pZ 2 . Let r : Z 2 → Z be the homomorphism appearing in Lemma 2.7 if C is non-trivial and to be the projection on the first factor if C is trivial. Let H be the preimage of H under the projection α pq : ∆ → ∆ pq . In all cases we get for
The homomorphism r extends to a group homomorphism
We conclude r(H) ∩ Z = r H ∩ Z 2 ⊆ pZ from (2.12). Because of Lemma 2.5 (iii) we can find a p-expansive map
and an affine map
such that a p,u is φ-equivariant and
Let E H be the simplicial complex with underlying space R whose set of zerosimplices is {n/2 | n ∈ Z}. Equip R with the standard D ∞ -action given by translation with elements and Z and − id R . Then the
Define a map
Because of (2.13) we can define an H-action on R by requiring that h ∈ H acts by multiplication with the element u ∈ D ∞ which is uniquely determined by r(h) = φ(u). With respect to this H-action and the obvious H-action on ∆ the map f H is H-equivariant. All isotropy groups of the H-action on E are virtually cyclic. We estimate for g 1 , g 2 ∈ ∆ with d ∆ (g 1 , g 2 ) ≤ R using (2.9), (2.10), (2.11) and (2.14)
We conclude that ∆ is a Farrell-Hsiang group in the sense of Definition 1.15 with respect to the family VCyc. Hence Lemma 2.8 follows from Theorem 1.16. Lemma 2.15. Let ∆ be a crystallographic group of rank two which possesses a normal infinite cyclic subgroup. Then both the K-theoretic and the L-theoretic FJC hold for ∆.
Proof. We will use induction over the order of F = F ∆ . If F is trivial, then ∆ = Z 2 and the claim follows from Lemma 2.8. The induction step for |F | ≥ 2 is done as follows.
Because of Lemma 2.8 we can assume in the sequel that ∆ is different from Z 2 ⋊ − id Z/2. Let F be the family of subgroups K ⊆ ∆ which are virtually cyclic or satisfy pr ∆ (K) = F ∆ for the projection pr ∆ : ∆ → F ∆ . Because of the induction hypothesis, the Transitivity Principle 1.11 and Theorem 1.16 it suffices to show that ∆ is a Farrell-Hsiang group with respect to the family F in the sense of Definition 1.15.
We have the canonical exact sequence associated to a crystallographic group
Next we analyze the conjugation action ρ : F → aut(A). Since ∆ is crystallographic, ρ : F → aut(A) is injective. By assumption A ∼ = Z 2 and we can find a normal infinite cyclic subgroup C ⊂ ∆.
Next we show that A contains precisely two maximal infinite cyclic subgroups which are F -invariant.
By rationalizing we obtain a 2-dimensional rational representation
For each V i there must be a homomorphism σ i : F → {±1} such that f ∈ F acts on V i by multiplication with σ i (f ). Hence we can find two elements x 1 and x 2 ∈ A such that x 1 and x 2 are Z-linearly independent and the cyclic subgroups generated by them are F -invariant. Let C i be the unique maximal infinite cyclic subgroups of A which contains x i . Then C 1 and C 2 are F -invariant and
The F -action on C i is given by the homomorphism σ i : F → {±1}. Since ρ : F → aut(A) is injective and ∆ is not isomorphic to Z 2 ⋊ − id Z/2, the homomorphisms σ 1 and σ 2 from F to {±1} must be different and F is isomorphic to Z/2 or Z/2 ⊕ Z/2.
It remains to show that any maximal infinite cyclic subgroup D which is Finvariant is equal to C 1 or C 2 . Given such D, we obtain an F -invariant Q-subspace D Q ⊆ A Q . Since C 1 , C 2 and D are maximal infinite cyclic subgroups of A, it suffices to show D Q = (C i ) Q for some i ∈ {1, 2}. Suppose the contrary. Then for i = 1, 2 the projection
This implies σ 1 = σ 2 , a contradiction. Hence we have shown that A contains precisely two maximal infinite cyclic subgroups which are F -invariant.
If C ⊆ A is maximal infinite cyclic subgroups which is invariant under the Faction, then it is normal in ∆ and we can consider the projection
We obtain a commutative diagram
where the vertical maps are the obvious projections.
Since ∆/C is virtually abelian with virtual cohomological dimension one, we can find an epimorphism µ C : ∆/C → ∆ ′ C to a crystallographic group of rank one whose kernel is finite. We obtain a commutative diagram
The map µ C is injective and ∆
Consider word metrics
Recall that ν C is a surjective group homomorphism and the quasi-isometry type of a word metric is independent of the choice of a finite set of generators. Hence we can find constants C 1 and C 2 such that for every (of the finitely many) maximal infinite cyclic subgroups C ⊆ A which are invariant under the F -action and for all g 1 , g 2 ∈ ∆ we get
Equip R with the standard action of ∆ ′ C . Let E be the simplicial complex whose underlying space is R and whose set of 0-simplices is {n/2 | n ∈ Z}. The ∆ ′ C -action above is a cell preserving simplicial action on
Let the map ev C : ∆ ′ C → R be given by the evaluation of the isometric proper cocompact ∆ ′ C -action on R. By theŠvarc-Milnor Lemma (see [14, Proposition 8.19 in Chapter I.8 on page 140]) we can find constants C 3 and C 4 such that for every (of the finitely many) maximal infinite cyclic subgroups C ⊆ A which are invariant under the F -action and all
We conclude from (2.16), (2.17) and (2.18) that we can find constants D 1 > 0 and D 2 > 0 such that for every maximal infinite cyclic subgroup C ⊆ A which is invariant under the F -action and all g 1 , g 2 ∈ ∆ we have
Consider positive real numbers R and ǫ. We can choose an odd prime p satisfying
Put A p = A/pA and ∆ p = ∆/pA. We obtain an exact sequence
The projection α p : ∆ → ∆ p will play the role of the map α R,ǫ appearing in Definition 1.15.
Let H ⊆ ∆ p be a hyperelementary subgroup. If pr p (H) is not F , then H belongs to F and we can take for f H the map ∆ → {•}. Hence it remains to treat the case pr p (H) = F .
Next show that A p ∩ H is cyclic. Choose a prime q and an exact sequence 1 → D → H → P → 1 for a q-group P and a cyclic group of order prime to q. If p and q are different, A p ∩ H embeds into D and is hence cyclic. Suppose that p = q. It suffices to show that A p ∩ H is different from A p , or, equivalently, H = ∆ p . Suppose the contrary, i.e., H = ∆ p . Because the order of F is 2 or 4 and p is odd this implies that the composite A p → H → P is an isomorphism. Hence there is a retraction for the inclusion A p → ∆ p . This implies that the conjugation action of F on A p is trivial. We have already explained that there are homomorphisms σ i : F → {±1} such that f ∈ F acts on C i by multiplication with σ i (f ) and that these two homomorphisms must be different. The induced F -action on
Ci in the sequel. Let H be the preimage of H under the projection α p : ∆ → ∆ p . Then we get for the homomorphism
Since the map µ C : A/C → A ∆ ′ is injective, we conclude for the homomorphism
Because p is odd and |F | is 2 or 4 this implies that
Because of Lemma 2.5 (ii) and (iii) we can find a p-expansive map
Let E H be the simplicial complex whose underlying space is R and whose set of 0-simplices is {n/2 | n ∈ Z}. The standard ∆ ′ C -action is a cell preserving simplicial action on E H . We define the map (2.19) and (2.20) and we conclude for
Because of (2.21) we can define a H-action on E H by requiring that h ∈ H acts by the unique element g ∈ ∆ ′ which is mapped under the injective homomorphism φ : ∆ ′ → ∆ ′ to ν C (h). Then the map f H : ∆ → E is H-equivariant and all isotropy groups of the H-action on E are virtually cyclic.
We conclude that ∆ is a Farrell-Hsiang group in the sense of Definition 1.15 with respect to the family VCyc. Hence Lemma 2.15 follows from Theorem 1.16.
Lemma 2.22. Let 1 → V → G → Q → 1 be an exact sequence of groups. Suppose that Q satisfies the K-theoretic FJC and that V is virtually cyclic. Then G satisfies the K-theoretic FJC The same is true for the for the L-theoretic FJC and for up to dimension one version of the K-theoretic FJC.
Proof. By the Transitivity Principle 1.11 it suffices to show that G satisfies the K-theoretic FJC in the special case that Q is virtually cyclic. Since this is obvious for finite V , we can assume that V is infinite. Let C ′ be an infinite cyclic subgroup of V . Let C be the intersection φ∈aut(V ) φ(V ). Since V contains only finitely many subgroups of a given index, this is a finite intersection and hence C is a characteristic subgroup of V which is infinite cyclic and has finite index. Hence C is a normal infinite cyclic subgroup of the virtually finitely generated abelian group G and the virtual cohomological dimension of G is two. There exists a homomorphism with finite kernel onto a crystallographic group G → G ′ (see for instance [33, Lemma 4 
.2.1]). The rank of G
′ is two and G ′ contains a normal infinite cyclic subgroup. Hence G satisfies the K-theoretic FJC because of Corollary 1.12 and Lemma 2.15.
2.3.
The Farrell-Jones Conjecture for virtually finitely generated abelian groups. In this subsection we finish the proof of Theorem 2.1.
Proof of Theorem 2.1. We use induction over the virtual cohomological dimension n of the virtually finitely generated abelian group ∆ and subinduction over the minimum of the orders of finite groups F for which there exists an exact sequence 1 → Z n → ∆ → F → 1. The induction beginning n ≤ 1 is trivial since then ∆ is virtually cyclic.
In the induction step we can assume that ∆ is a crystallographic group of rank n because of Corollary 1.12 since a virtually finitely generated abelian group possesses an epimorphism with finite kernel onto a crystallographic group (see for instance [33, Lemma 4.2.1]). Hence we have to prove that a crystallographic group ∆ of rank n ≥ 2 satisfies both the K-and L-theoretic FJC provided that every virtually finitely generated abelian group ∆ ′ satisfies both the K-and
Because of the induction hypothesis and Lemma 2.22 we can assume from now on that ∆ does not contain a normal infinite cyclic subgroup C.
Let F be the family of subgroups of ∆ which contains all subgroups ∆ ′ ⊆ ∆ such that vcd(∆ ′ ) < vcd(∆) holds or that both vcd(∆ ′ ) = vcd(∆) and |F ∆ ′ | < |F ∆ | hold. By the induction hypothesis, the Transitivity Principle 1.11 and Theorem 1.16 it suffices to show that ∆ is a Farrell-Hsiang group in the sense of Definition 1.16 for the family F .
Fix a word metric d ∆ on ∆. Let the map ev : ∆ → R n be given by the evaluation of the cocompact proper isometric ∆-operation on R n . It is by theŠvarc-Milnor Lemma (see [14, Proposition 8.19 in Chapter I.8 on page 140]) a quasi-isometry if we equip R n with the Euclidean metric d euc . Hence we can find constants C 1 and C 2 such that for all g 1 , g 2 ∈ Z 2 we have
Consider real numbers R > 0 and ǫ > 0. Since ∆ acts properly, smoothly and cocompactly on R n , we can equip R n with the structure of a simplicial complex such that the ∆-action is cell-preserving and simplicial. Denote this simplicial complex by E. The induced l 1 -metric d l 1 and the Euclidean metric d euc induce the same topology since E is bounded locally finite. Hence we can find δ > 0 such that
holds for all y 1 , y 2 .
We can write |F ∆ | = 2 k · l for some odd natural number l and natural number k. Choose a natural number n satisfying n ≡ 1 mod l; n ≡ 3 mod 4.
Obviously (n, 4l) = 1. Because (4, l) = 1 there is a number v which is congruent to 1 modulo l and congruent to 3 modulo 4. By Dirichlet's Theorem (see [37, Lemma 3 in III.2.2 on page 25]) there exists infinitely many primes which are congruent v modulo 4l. Hence we choose a prime number p satisfying
Now choose r such that
Since A = A ∆ is a characteristic subgroup of ∆, also p r · A is a characteristic and hence a normal subgroup of ∆. Define groups
Let pr : ∆ → F ∆ and pr p r : ∆ p r → F ∆ be the canonical projections. Let the epimorphism
be the canonical projection. It will play the role of the map α R,ǫ appearing in Definition 1.15. Consider a hyperelementary subgroup H ⊆ ∆ p r . Let H be the preimage of H under α p r : ∆ → ∆ p r . Suppose that pr p r (H) = F ∆ . Then H is a crystallographic group with vcd(H) = vcd(∆) and |F H | < F ∆ . By induction hypothesis H satisfies both the K-and L-theoretic FJC and hence belongs to F . Therefore we can take as the desired H-map in this case the projection to the one-point-space
It remains to consider the case, where pr p r (H) = F ∆ . We conclude from [33, Proposition 2.4.2] that H ∩ A p r = {0} since ∆ contains no infinite normal cyclic subgroup and the prime number p satisfies p ≡ 1 mod l and p ≡ 3 mod 4.
Since p r ≡ 1 mod |F ∆ | we can choose by Lemma 2.5 (i) a p r -expansive homomorphism φ : ∆ → ∆. Consider the composite α q r • φ : ∆ → ∆ p r . Its restriction to A = A ∆ is trivial. Hence there is a map φ :
Hence φ is a splitting of the exact sequence 1 
By Lemma 2.5 (ii) there exists an element u ∈ R such that the affine map
We get from (2.23) for
Our choice of p guarantees
where δ is the number appearing in (2.24). We conclude from (2.24) for all
Because of (2.25) we can define a cell preserving simplicial H-action on the simplicial complex E H by requiring that the action of h ∈ H is given by the action of g ∈ ∆ for the element uniquely determined by φ(g) = h. The isotropy groups of this H-action on E are all finite and hence belong to F . The map f H : ∆ → E H is H-equivariant. We conclude that ∆ is a Farrell-Hsiang group in the sense of Definition 1.15 with respect to the family VCyc. Now Theorem 2.1 follows from Theorem 1.16.
Irreducible special affine groups
In this section we prove the K-theoretic and the L-theoretic Farrell-Jones Conjecture with additive categories as coefficients with respect to VCyc for irreducible special affine groups. This will be the key ingredient and step in proving the K-theoretic and the L-theoretic Farrell-Jones Conjecture with coefficients in an additive category with respect to VCyc for virtually poly-Z groups.
The irreducible special affine groups will play in the proof for virtually poly-Zgroups the analogous role as the crystallographic groups of rank two which contain a normal infinite cyclic subgroup played in the proof for virtually finitely generated abelian groups. The general structure of the proof for virtual poly-Z group is similar but technically much more sophisticated and complicated than in the case of virtually finitely generated abelian groups. It relies on the fact that we do know the claim already for virtually finitely generated abelian groups. Our proof is inspired by the one appearing in Farrell-Hsiang [21] and Farrell-Jones [23] .
3.1. Review of (irreducible) special affine groups. In this subsection we briefly collect some basic facts about (irreducible) special affine groups. We will denote by vcd the virtual cohomological dimension of a group (see [15, Section 11 in Chapter VIII]). The following definition is equivalent to Definition 4.7 in [24] .
Definition 3.1 ((Irreducible) special affine group). A group Γ is called a special affine group of rank (n + 1) if there exists a short exact sequence
and an action ρ ′ : Γ × R n → R n by affine motions of R n satisfying:
(i) D is either the infinite cyclic group Z or the infinite dihedral group D ∞ ; (ii) The restriction of ρ ′ to ∆ is a cocompact isometric proper action of ∆.
We call a special affine group irreducible if for any epimorphism Γ → Γ ′ onto a virtually finitely generated abelian group Γ ′ we have vcd(Γ ′ ) ≤ 1.
Notice that the group ∆ appearing in Definition 3.1 is a crystallographic group of rank n. Let ρ ′′ : D × R → R be the isometric cocompact proper standard action which is given by translations with integers and − id. We will consider the action
given by the diagonal action for the Γ-action ρ ′ on R n and the Γ-action on R coming from the epimorphism Γ → D and the D-action ρ ′′ on R. This Γ-action ρ is a proper cocompact action by affine motions and is not necessarily an isometric action.
3.2. Some homological computations. Let A = A ∆ be the unique and hence characteristic subgroup of ∆ which is abelian, normal and equal to its own centralizer in ∆. Since it is a characteristic subgroup, it is normal in both ∆ and Γ. Define Q := Γ/A.
Then we obtain exact sequences
where F ∆ is the finite group ∆/A. In particular Q is an infinite virtually cyclic group. 
(ii) Since Q is infinite and virtually cyclic, there exists an exact sequence 1 → Z → Q → F → 1 for some finite group F . Recall that the cohomology group of finite groups is finite for any coefficient module in dimensions ≥ 1 (see [15, Corollary 10.2 in Chapter III on page 84]). Obviously the cohomology of Z vanishes for any coefficient module in dimensions ≥ 2. Now the claim follows from the Hochschild-Serre spectral sequence (see [15, Section 6 in Chapter VII]) applied to exact sequence above.
(iii) Because of the Hochschild-Serre spectral sequence (see [15, Section 6 in Chapter VII]) applied to the exact sequence above it suffices to prove that H 1 (Z; A) is finite. This is equivalent to the statement that H 0 (Z; A) is finite since H 1 (Z; A) ∼ = H 0 (Z; A). Let Γ 0 be the preimage of Z ⊆ Q under the projection pr : Γ → Q. It is a normal subgroup of finite index in Γ and fits into an exact sequence 1 → A → Γ 0 → Z → 0. From the Hochschild-Serre spectral sequence we obtain a short exact sequence
Hence it remains to show that the rank of the finitely generated abelian group H 1 (Γ 0 ) is at most one. This follows from assertion (i).
3.3.
Finding the appropriate finite quotient groups. Fix a special affine group Γ of rank (n + 1). For any positive integer s the subgroup sA ⊆ A is characteristic and hence is normal in both A and Γ. Put Then A s is isomorphic to (Z/s) n and we obtain an exact sequence
where both the upper and the lower horizontal exact sequence is the one of (3.3).
Recall that |H 2 (Q; A)| is finite by Lemma 3.5 (ii). 
is the identity and sends Θ to Θ, and the claim follows.
(ii) Let φ : Γ → Γ be a pseudo s-expansive map. The composite p s •φ : Γ → Γ s sends A to the trivial group and hence factorizes through pr : Γ → Q to a homomorphism φ : Q → Γ s whose composite with pr s : Γ s → Q is the identity.
The group Q is virtually cyclic. Hence we can choose a normal infinite cyclic subgroup C ⊆ Q. Fix an integer s satisfying s ≡ 1 mod |H 2 (Q; A)| and a positive integer r such that the order of aut(A s ) = GL n (Z/s) divides r. Put
be the group homomorphism given by the conjugation action associated to the exact sequence (3.6). It factorizes through the projection Q → Q r to a homomorphism ρ r,s : Q r → aut(A s ).
By Lemma 3.8 (ii) we can choose a splitting σ : Q → Γ s of the projection pr s : Γ s → Q. It yields an explicit isomorphism Γ s
Its composition with the group homomorphism A s ⋊ ρs Q → A s ⋊ ρr,s Q r , which comes from the identity on A s and the projection Q → Q r , is denoted by
where the upper exact sequence is the one of (3.6), the lower exact sequence is the obvious one associated to a split extension and the right vertical arrow is the canonical projection Q → Q r .
Define an epimorphism of groups by the composite
It will play the role of the map α R,ǫ appearing in Definition 1.15.
3.4.
Hyperelementary subgroups and index estimates. This subsection is devoted to the proof of the following proposition. Recall that pr : Γ → Q and π : Q → D are the canonical projections and that we consider A as a ZQ-module by the conjugation action coming from the exact sequence (3.3).
Proposition 3.10. Let Γ be an irreducible special affine group. Consider any natural number τ . Then we can find natural numbers s and r with the following properties: 
It will provide us with the necessary index estimates when we later show that Γ is a Farrell-Hsiang group in the sense of Definition 1.15.
Next we reduce the problem for special affine group of rank (n + 1) to the special case of the semi-direct product Z n ⋊ φ Z. Notice that every special affine group of rank (n + 1) contains a subgroup of finite index which is isomorphic to Z n ⋊ φ Z.
Definition 3.11. Consider M ∈ GL n (Z). We will say that M is hyper-good if the following holds: Given natural numbers o and ν, there are natural numbers s and r satisfying (i) s ≡ 1 mod o;
(ii) The order of GL n (Z/s) divides r. In particular we can consider the group (Z/s) n ⋊ Ms Z/r, where M s is the reduction of M modulo s. (We will consider (Z/s) n as a subgroup of this group and denote by pr r,s the canonical projection from this group to Z/r.) (iii) If H is a hyperelementary subgroup of (Z/s) n ⋊ Ms Z/r, then at least one of the following two statements is true: (a) There exists a natural number k satisfying
In the sequel we will use the following elementary facts about indices of subgroups. Given a group G with two subgroups G 0 and G 1 of finite index, we get
Lemma 3.12. In order to prove Proposition 3.10 it suffices to show that any matrix M ∈ GL n (Z) is hyper-good.
Proof. Recall that we have already chosen a normal infinite cyclic subgroup C ⊆ Q. 
for subgroups Γ ′ ∩ ∆ ⊆ ∆ and z(Γ ′ ) ⊆ D of finite index. Hence Γ ′ is again an special affine group. We conclude from Lemma 3.5 (i) that Γ ′ is irreducible. The exact sequence (3.3) yields the exact sequence
for subgroups A ′ ⊆ A and Q ′ ⊆ Q of finite index. This is just the version of (3.3) for Γ ′ . Hence H 1 (Q ′ ; A ′ ) and H 2 (Q ′ ; A ′ ) are finite by Lemma 3.5 (ii) and (iii). The obvious sequence of abelian groups 1 → A ′ → A → A/A ′ → 0 is an exact sequence of ZQ ′ -modules. It yields the long exact Bockstein sequence 
from the exact sequence (3.4). Since Q contains only finitely many subgroups of finite index bounded by |F ∆ | · τ , the set I is finite. Apply the assumption hypergood to the matrix M describing the automorphism η after identifying A = Z n for the constants
Let r, s and k be the resulting natural numbers.
Recall that we have chosen a splitting σ : Q → Γ s of the projection pr s : Γ s → Q. Let γ ∈ Γ be any element which is mapped under p s : Γ → Γ s to σ(t). Conjugation with γ induces on A just the automorphism η : A → A since pr : Γ → Q maps γ to t. The choice of γ yields an explicit identification
The epimorphism α r,s := q r,s • p s : Γ → A s ⋊ ρr,s Q r restricted to Γ is the composite of the inclusion A s ⋊ ρr,s|C r C r → A s ⋊ ρr,s Q r with the obvious projection α r,s : A⋊ η C → A s ⋊ ηs C r , where η s : A s → A s is the automorphism induced by η : A → A.
Consider any hyperelementary subgroup H ⊆ A s ⋊ ρr,s Q r . Put
This is a hyperelementary subgroup of A s ⋊ ηs C r and we get
Since the kernel of the epimorphism π : Q → D is the finite group F ∆ , we get
This implies
Since the projection C → C r maps pr α r,s −1 ( H) to pr r,s ( H), we get
where pr r,s : A s ⋊ η C r → C r is the canonical projection. We conclude
Now we can show that one of two conditions appearing in assertion (iii) of Proposition 3.10 hold with respect to the number k.
Suppose that C r : pr r,s ( H) ≥ ν. Then D : π • pr (α Recall that the number k satisfies
The group H := α −1 r,s (H) has the property that pr(H) belongs to the set I appearing in the definition of o in (3.14). Now condition (iii)a appearing in Proposition 3.10 follows from our choice of o in (3.14) and from (3.15) . This finishes the proof of Proposition 3.12.
Next we reduce the problem from hyperelementary groups to cyclic subgroups. Definition 3.17. Let M ∈ GL n (Z). We will say that M is cyclic-good if the following holds: given positive integers o and ν, there are prime numbers p 1 and p 2 such that the following holds.
Set s := p 1 p 2 and r := |s · GL n (Z/s)|.
In particular we can consider the group (Z/s) n ⋊ Ms Z/r, where M s is the reduction of M modulo s. (We will consider (Z/s) n as a subgroup of this group and denote by pr r,s the canonical projection from this group to Z/r.) We require that
(ii) If C is a cyclic subgroup of (Z/s) n ⋊ M Z/r, then at least one of the following two statements is true: (a) C ∩ (Z/s) n = {0}; (b) There is i ∈ {1, 2} such that p i divides both |C| and [Z/r : pr r,s (C)].
Lemma 3.18. Assume that M ∈ GL n Z) is cyclic-good. Then M is hyper-good.
Proof. Suppose that M ∈ GL n (Z) is cyclic-good. We want to show that it is hyper-good. Let ν > 0 be given. Pick p 1 and p 2 and put s = p 1 p 2 and r = s · | GL n (Z/n) as in Definition 3.17. Obviously conditions (i) and (ii) appearing in Definition 3.11 are satisfied for s and r. It remains to show that condition (ii) appearing in Definition 3.17 implies condition (iii) appearing in Definition 3.11.
Let H be a hyperelementary subgroup of (Z/s) n ⋊ Ms Z/r. There is an exact
where C is a cyclic group and L is an l-group for a prime l not dividing the order of C. It follows that [(Z/s)
and [pr r,s (H) : pr r,s (C)] are both l-powers since (Z/s) n ∩ H / (Z/s) n ∩ C is a subgroup of L and pr r,s (H)/ pr r,s (C) is a quotient of L.
Suppose that condition (ii)a appearing in Definition 3.17 is satisfied, i.e., C ∩ (Z/s) n = {0}. Then H∩(Z/s) n is an l-group. If H∩(Z/s) n is trivial, condition (iii)a appearing in Definition 3.11 is obviously satisfied for k = s. Suppose that H∩(Z/s) n is non-trivial. Since s = p 1 p 2 , the prime l must be p 1 or p 2 . Let k be p 1 if l = p 2 , and be p 2 if l = p 1 . Then H ∩ (Z/s) n ⊆ k · Z/s, i.e., condition (iii)a appearing in Definition 3.11 is satisfied.
Suppose that condition (ii)b appearing in Definition 3.17 is satisfied, i.e., for some i ∈ {1, 2} the prime p i divides both |C| and [Z/r : pr r,s (C)]. We have p ≥ ν. Since l does not divide |C|, p i must be different from l. Since [pr r,s (H) : pr r,s (C)] is a power of l, the prime p i divides [Z/r : pr r,s (H)]. This implies ν ≤ p i ≤ [Z/r : pr r,s (H)]. Hence condition (iii)b appearing in Definition 3.11 is satisfied.
Finally we show that every element in GL n (Z) is cyclic-good.
Lemma 3.19. Let M ∈ GL n (Z). Let s be any natural number. Let r be a multiple of the order of the reduction M s ∈ GL n (Z/s) of M . Let t ∈ Z/r be the generator.
Then for any v ∈ (Z/s) n and r ′ , s ′ , j ∈ Z and j we have
Proof. We have
Lemma 3.20. Let M ∈ GL n (Z). Let s be any natural number. Let r ′ be a multiple of the order of M s ∈ GL n (Z/s). Let r := r ′ s. Let C be a cyclic subgroup of (Z/s) n ⋊ M Z/r that has a nontrivial intersection with (Z/s) n . Then there is a prime power p N (N ≥ 1) such that
Proof. Let t ∈ Z/r be the generator. Let vt j be a generator of C. Clearly v = 0 and w := (vt j ) | pr r,s (C)| is a nontrivial element of C ∩(Z/s) n (otherwise C ∩(Z/s) n would be trivial). Let s ′ be the order of w ∈ (Z/s) n . Lemma 3.19 implies that (vt j ) sr ′ is a power of t. If K is any integer with (K, s ′ ) = 1, then Kw = (vt j ) | pr r,s (C)|·K = 0 ∈ C ∩ (Z/s) n and hence Kw is not a power of t. Using Lemma 3.19 again, this implies that s ′ r ′ does not divide | pr r,s (C)| · K for any integer K with (K, s ′ ) = 1. Therefore there is a prime p dividing s ′ and a number N ≥ 1 such that Let C be a cyclic subgroup of (Z/s) n ⋊ Ms Z/r. We have to show condition (ii)b appearing in Definition 3.17 holds, provided that C ∩ (Z/s) n = 0. We can apply Lemma 3.20 with r ′ = | GL n (Z/s)|. Thus there is a prime p and a number N such that
We deduce from (i) and (ii) that p divides [Z/r : pr r,s (C)]. We deduce from (iii) that p divides |C| and s. Because s = p 1 · p 2 it follows that p is either p 1 or p 2 Therefore condition (ii)b appearing in Definition 3.17 holds. Now Proposition 3.10 follows from Lemma 3.12, Lemma 3.18 and Lemma 3.21.
3.5.
Contracting maps for irreducible special affine groups. 
Then there is a simplicial complex E of dimension ≤ N with a simplicial cell preserving H-action whose isotropy groups are virtually cyclic, and an H-equivariant map f : Γ → E satisfying
, then there exists a 1-dimensional simplicial complex E with a simplicial cell preserving Haction such that for every e ∈ E the isotropy group H e satisfies A ⊆ H e and [H e : A)] < ∞ and is in particular a virtually finitely generated abelian subgroup of Γ, and an H-equivariant map f : Γ → E satisfying
The proposition above will provide us with the necessary contracting maps when we later show that Γ is a Farrell-Hsiang group in the sense of Definition 1.15. Its proof needs some preparation. Then H is subconjugated to im(φ).
Proof. Recall that p k : Γ → Γ k := Γ/kA is the canonical projection. As explained in the proof of Lemma 3.8 (ii), the composite p k • φ : Γ → Γ k factorizes through the projection pr : Γ → Q to a homomorphism φ : Q → Γ k whose composite with the projection pr k : Γ k → Q is the identity. Let H ′ be the image of H under the
The section φ of pr k restricts to a section φ
Hence its inverse defines a second section of pr ′ k . Since pr(H) = pr k (H ′ ), we get by assumption for i = 1, 2
Hence multiplication with k induces isomorphisms on
The Bockstein sequence associated to the exact sequence 0 
we can assume without loss of generality that
Hence there is a ∈ kA with γ 0 = φ(γ 1 ) · a since ker(p k ) = kA. Since φ induces k · id on A, the element a lies in the image of φ and hence γ 0 lies in the image of φ.
Lemma 3.24. Let Γ be an irreducible special affine group. Let φ : Γ → Γ be a pseudo s-expansive group homomorphism.
Then there exists u ∈ R n such that the affine diffeomorphism
Proof. Given an element γ ∈ Γ, let M γ : R n → R n be the linear automorphism and v γ ∈ R n uniquely determined by the property that γ is the affine map R n → R n sending x to M γ (x) + v γ . One easily checks that M γ1γ2 = M γ1 • M γ2 and v γ1γ2 = v γ1 + M γ1 (v γ2 ) hold for all γ 1 , γ 2 in Γ and M a = id and v a = a hold for a ∈ A. Consider γ ∈ Γ. Then there exists a ∈ A such that a · φ(γ) = γ holds in Γ. This implies that for all x ∈ R n we have
We conclude
It factorizes through the projection pr : Γ → Q to a function d : Q → R n , since for any a ∈ A and γ ∈ Γ we have
The conjugation action of γ ∈ Γ on A is given by M γ by the following calculations
The function d is a derivation as the following calculation shows for
is finite by Lemma 3.5 (iii) , we conclude H 1 (Q; R n ) = 0. The description of the cocycles as derivations and coboundaries as principal derivations (see [15, Exercise 2 in III.1 on page 60]) implies that there exists u ∈ R n such that for all γ ∈ Γ
holds. Hence the affine map f : R n → R n sending x to sx + u is φ-linear by the following calculation
Lemma 3.25. Let N be a natural number and ǫ > 0. Then there exists a number D N depending only on N such that the following holds:
Let X be a simplicial complex of dimension ≤ N and let X ′ be its barycentric subdivision. Then we get for every x, y ∈ X 
There is a subcomplex Y ⊆ X with at most 2(dim(X) + 2) vertices containing these four points. We can identify Y with a simplicial subcomplex of ∆ 2N +1 . Now the claim follows for the number D N above since the l 1 -metric is preserved under inclusions of simplicial subcomplexes and barycentric subdivision is compatible with inclusions of simplicial subcomplexes.
Since Γ acts properly and cocompactly on R n × R, we can choose a Γ-invariant Riemannian metric b Γ . Let d Γ be the associated metric on R n × R. Notice that d Γ is Γ-invariant, whereas the standard Euclidean metric on R n × R is not necessarily Γ-invariant. We will denote by B Γ r (x, s) the closed ball of radius r around the point (x, s) ∈ R n × R with respect to the metric d Γ . By B euc r (x) we denote the closed ball of radius r around x ∈ R n with respect to the Euclidean metric. In the sequel we fix a word metric d Γ on Γ. TheŠvarc-Milnor Lemma (see [14, Proposition 8.19 in Chapter I.8 on page 140]) implies Lemma 3.26. Let ev : Γ → R n × R be the map given by evaluating the Γ-action on the origin. There exists positive real numbers C 1 and C 2 such that for 
Proof. The word metrics for two different set of generators are Lipschitz equivalent. Hence it suffices to prove the claim for a particular choice of finite set of generators on Γ. Fix a set of generators of Γ such that each generator is sent under the epimorphism π • pt : Γ → D to the unit element in D, to t or to s. Equip Γ with the associated word metric. Then we get for
Let W be an open cover of R n × R which is Γ-invariant, i.e., for W ∈ W and γ ∈ W we have γ · W = {γ · w | w ∈ W } ∈ W. Recall that points in the realization of the nerve |W| of the open cover W are formal sums z = W ∈W z W · W , with z W ∈ [0, 1] such that W ∈W z W = 1 and the intersection of all the W with z W = 0 is non-empty, i.e., {W | z W = 0} is a simplex in the nerve of W. There is a map
Since W is Γ-invariant, the Γ-action on W induces a simplicial Γ-action on |W|.
Lemma 3.29. Consider a natural number N and a real number ω > 0. Suppose that for every (x, s) ∈ R n × R there exists W ∈ W such that B Γ ω (x, s) lies in W . Suppose that the dimension of W is less or equal to N .
Then we get for (x, s),
Proof. This follows from [9, Proposition 5.3].
Lemma 3.30. Consider a real number ω > 0 and a compact subset I ⊆ R. Then there are positive real numbers σ and α such that for all x ∈ R n and s ∈ I
. Put σ := σ 0 + σ 1 and α = α 0 + α 1 . Then we get for all (x, s) ∈ K × I by the triangle inequality
Since ∆ · K = R n and ∆ acts isometrically with respect to both d euc and d Γ , Lemma 3.30 follows. Now we are ready to give the proof of Proposition 3.22.
Proof of Proposition 3.22. Consider on
The flow Φ is Γ 0 -equivariant with respect to the restriction of the Γ-action ρ of (3.2) to Γ 0 . By [8, Theorem 1.4] we obtain a natural number N such that for every α > 0 there exists a VCyc-cover U of R n × R with the following properties
(ii) For every x ∈ X there exists U ∈ U such that
(iii) Γ 0 \U is finite. The number N above is the number N we are looking for in Proposition 3.22.
Let D N , C 1 , C 2 , and C 3 be the constants appearing in Lemma 3.25, Lemma 3.26, and Lemma 3.27. Put 
For this α m choose the VCyc-cover U m of R n × R as above. Recall that a VCyccover U m is an open cover such that for U ∈ U m , and γ ∈ Γ we have γU ∈ U m and γU ∩ U = ∅ =⇒ γU = U and for every U ∈ U m the subgroup Γ U := {γ ∈ U | γU = U } of Γ is virtually cyclic. If D = Z and hence Γ = Γ 0 , put V m := U m . If D = D ∞ , choose an element s ∈ Γ with pr(s) = s and put
(iv) Γ\V m is finite. Next we show that we can find η m > 0 such that for every (
Suppose the contrary. Then we can find sequences (
Recall that Γ acts diagonally on R n × R, where the action on R comes from the epimorphism Γ → D with ∆ as kernel and a proper D-action on R. Since [−m, m] is compact, the set {γ i ∆ | i ≥ 1} ⊆ Γ/∆ is finite. By passing to a subsequence, we can arrange that it consists of precisely one element, in other words, there exists an element γ ∈ Γ and a sequence (δ i ) of elements in ∆ such that γ i = γ · δ i holds for i ≥ 1. Hence we can assume (3.35) since the desired claim holds for H if it holds for some conjugate of H. There exists u ∈ R such that the affine map a : R n → R n sending x to k · x + u is φ-equivariant (see Lemma 3.24) . Since
Next consider the open covering
, we conclude from (3.36) that for every (x, s) ∈ R n × R there exists W ∈ W with B Γ ω (x, s) ⊆ W . Hence Lemma 3.29 (applied in the case Γ = H) implies that the H-equivariant map (3.28) has the property that for (x, s), (y, t) ∈ R n ×R with d
Now consider the composite
The map ev is Γ-invariant and in particular H-equivariant. Hence f is H-equivariant. The H-action on |W| is simplicial. Hence the H-action on the barycentric subdivision |W ′ | is simplicial and cell preserving. Next we show that the isotropy groups of the H-action on the space |W| = |W ′ | are all virtually cyclic. Consider z ∈ |W|. Choose a simplex σ such that z lies in its interior. Let the simplex σ be given by {W 0 , W 1 , . . . W l } for pairwise distinct elements W i ∈ W. Then for every γ in the isotropy group H z we must have isomorphic to a subgroup of finite index of H z , the isotropy group H z is virtually cyclic.
Consider γ 1 , γ 2 in Γ with d Γ (γ 1 , γ 2 ) ≤ R. We want to show
Our choice of ω in (3.31) guarantees
We conclude from (3.37)
Lemma 3.25 implies
Our choice of ω in (3.31) implies
This finishes the proof of (3.38).
Since H-acts simplicially on |W|, it acts simplicially and cell preserving on |W ′ |. Put E := |W ′ |. We have already shown that all isotropy groups of the H-action on F are virtually cyclic. The H-map f : Γ → E has the desired properties because of (3.38) . This finishes the proof of statement (i) appearing in Proposition 3.22.
Next we prove statement (ii) of Proposition 3.22. Choose an integer m satisfying
We conclude from Lemma 3.27 that for all
holds. Let ev : D → R be the map given by evaluation of the standard group action of D on the origin 0. One easily checks for
Let the desired map f be the composite
It satisfies for all
Let E be the simplicial complex whose underlying space is R and for which the set of zero-simplices is
The choice of the integer m in (3.39) guarantees
The standard operation of D on R is simplicial and cell preserving. We conclude π • pr(H) ⊆ im(φ m ). Since φ m is injective, we can define an H-action on E by defining h · e = δ · e for e ∈ E and any δ ∈ D for which φ m (δ) = π • pr(h) holds. One easily checks that the map f is H-equivariant. Since the isotropy groups of the standard D-action on R are finite and the epimorphism π : Q → D has a finite kernel and the kernel of pr is A, the isotropy group H e of any e ∈ E satisfies A ⊆ H e and [H e : A] < ∞. Now define the desired natural number µ by µ = 2m. This finishes the proof of Proposition 3.22. Proof. Because of Theorem 1.11, Theorem 1.16 and Theorem 2.1 it suffices to show that a special affine group G is a Farrell-Hsiang group with respect to the family F of virtually finitely generated abelian groups in the sense of Definition 1.15.
Let N be the natural number appearing in Proposition 3.22. Consider any real numbers R > 0 and ǫ > 0. Let µ be the natural number and (ξ n ) n≤1 be the sequence appearing in Proposition 3.22. Now choose a natural number τ such that µ < τ and ξ n ≤ τ for all n ≤ µ. For this choice of τ we choose r, s as appearing in Proposition 3.10. Let α r,s : Γ → A s ⋊ ρr,s Q r be the epimorphism appearing in Proposition 3.10. The map α r,s will play the role of the map α R,ǫ appearing in Definition 1.15.
Let H be a hyperelementary subgroup of A s ⋊ ρr,s Q r . Recall that H is the preimage of H under α r,s . We have to construct the desired simplicial complex E H and the map f H : G → E H as demanded in Definition 1. we obtain an integer k such that the assumption appearing in assertion (i) of Proposition 3.22 are satisfied and the conclusion of assertion (i) of Proposition 3.22 gives the desired pair (E H , f H ). Hence G is a Farrell-Hsiang group with respect to the family F of virtually finitely generated abelian groups. This finishes the proof of Proposition 3.40.
Virtually poly-Z-groups
This section is devoted to the proof of Theorem 0.1. It will be done by induction over the virtual cohomological dimension. We will need the following ingredients. Definition 4.1 ((Virtually) poly-Z). We call a group G ′ poly-Z if there exists a finite sequence
We call a group G virtually poly-Z if it contains a subgroup G ′ of finite index such that G ′ is poly-Z.
Let G be a virtually poly-Z-group. Let G ′ ⊆ G be any subgroup of finite index, for which there exists a finite sequence
We call the number r(G) := n the Hirsch rank of G. We will see that it depends only on G but not on the particular choice of subgroup G ′ ⊆ G and 
Suppose that two of them are virtually poly-Z. Then all of them are virtually poly-Z and we get for their cohomological dimensions Proof. We use induction over the virtual cohomological dimension of the virtually poly-Z group G. The induction beginning vcd(G) ≤ 1 is trivial since in this case G must be virtually cyclic by Lemma 4.2. For the induction step choose an extension
as appearing in Lemma 4.3. Consider any virtually cyclic subgroup V ⊆ Γ. Then we obtain an exact sequence
Since G 0 is virtually poly-Z with vcd(G 0 ) ≤ vcd(G)−2, we conclude from Lemma 4.2 that pr −1 (V ) is virtually poly-Z with vcd pr −1 (V ) < vcd(G). Hence both the Ktheoretic and the L-theoretic FJC hold for pr −1 (V ). Because of Theorem 1.8 it remains to prove that both the K-theoretic and the L-theoretic FJC hold for Γ. If Γ is crystallographic or an irreducible special affine group, this follows from Theorem 2.1 and Proposition 3.40. Hence it remains to prove both the K-theoretic and the L-theoretic FJC for the special affine group Γ provided that it admits an epimorphism p : Γ → Γ ′ to some virtually finitely generated abelian group Γ ′ with vcd(Γ ′ ) ≥ 2. If K is the kernel of p, we obtain the exact sequence
We conclude from Lemma 4.2 that K is a virtually poly-Z group with vcd(K) ≤ vcd(Γ) − 2 ≤ vcd(G) − 2. Hence for any virtually cyclic subgroup V of Γ ′ the preimage p −1 (V ) is a virtually poly-Z-group with vcd p −1 (V ) < vcd(G) by Lemma 4.2. By the induction hypothesis p −1 (V ) satisfies both the K-theoretic and the L-theoretic FJC. Since the same is true for Γ ′ by Theorem 2.1, we conclude from Theorem 1.8 that Γ satisfies both the K-theoretic and the L-theoretic FJC. This finishes the proof of Theorem 0.1.
Cocompact lattices in virtually connected Lie groups
In this section we prove Theorem 0.2. We begin with the L-theoretic part. The main work which remains to be done is to give the proof of Proposition 5.1 below which is very similar to the one of [24, pages 264-265] . We call a Lie group semisimple if its Lie algebra is semisimple. A subgroup G ⊆ L of a Lie group L is called cocompact lattice if G is discrete and L/G compact.
Proposition 5.1. In order to prove the L-theoretic part of Theorem 0.2 it suffices to prove that every virtually poly-Z group and every group which operates cocompactly, isometrically and properly on a complete, simply connected Riemannian manifold with non-positive sectional curvature satisfy the L-theoretic FJC.
Its proof needs some preparation.
(iv) We have the exact sequence 1 → G ∩ K → G → G → 1. Now apply Corollary 1.12.
In the sequel we denote by L e the component of the identity, Lemma 5.3. Proposition 5.1 is true provided that G is a cocompact lattice in a virtually connected semisimple Lie group L.
Proof. Because of Lemma 5.2 we can assume without loss of generality that L is a virtually connected semisimple Lie group for which every connected normal compact subgroup K ⊂ L is trivial. Let Z ⊆ L be the normal subgroup of elements in L which commute with every element in L e . Put L := L/Z. Let G Z be the intersection G ∩ Z and G the image of G under the projection pr : L → L. Then the following statements are true: (i) G Z is virtually finitely generated abelian; (ii) G is a cocompact lattice of L; (iii) L is a virtually connected semisimple Lie group whose center is trivial. Assertion (i) is obvious.
Assertion (ii) follows by inspecting the proof of [34, Corollary 5.17 on page 84] which applies directly to our case since all compact connected normal subgroups of L are trivial.
Next we prove assertion (iii). Obviously L is virtually connected and semisimple since the quotient of a semisimple Lie algebra is again semisimple.
Hence Z = Z ′ and we conclude that the center of L is trivial. Because of Corollary 1.13 it suffices to show that G satisfies the L-theoretic FJC.
Since L is semi-simple, its Lie algebra contains no compact ideal and its center is finite, the quotient
equipped with a L-invariant Riemannian metric is a symmetric space of noncompact type such that Proof. Let S be the semi-simple part of L e . By [38, Theorem 1.6 on page 106] it suffices to show that S has no non-trivial compact factors that act trivially on R and L. Assume that K is such a factor. Let L e = RS be the Levi decomposition of L e . (We mention as a caveat that S is not necessarily a closed subgroup of L e ; nor is R ∩ S necessarily discrete; although R ∩ S is countable.) Since K is a factor of S it is a normal subgroup of S and therefore sKs −1 ⊆ K for all s ∈ S. Because K acts trivially on R we have rKr 
where L e is the connected component of L containing the identity; R is the radical of L; and N is the nilradical of L. And let
We now distinguish two cases. First consider the case that N is nontrivial. Then dim L/N < dim L and G/G N satisfies the L-theoretic FJC by our inductive assumption. Now consider the following exact sequence
and observe that G N is a virtually poly-Z group by a result of Mostow (This follows from Theorem 4.2 (iv) and [34, Proposition 3.7 on page 52].) Hence G satisfies the L-theoretic FJC because of Corollary 1. 13 Next consider the case that N is trivial. Then R = R/N is abelian. Hence R = N = 1. Therefore L is semi-simple and G satisfies the L-theoretic FJC because of Lemma 5.3. Now we are ready to prove Theorem 0.2.
Proof of Theorem 0.2. We begin with the L-theoretic part. We have proved the L-theoretic FJC for virtually poly-Z groups in Theorem 3.40. Since every group G which acts cocompactly, isometrically and properly on a complete, simply connected Riemannian manifold with non-positive sectional curvature is a cocompact CAT(0)-group, it satisfies the L-theoretic FJC by [5, Theorem B] . Now apply Proposition 5.1.
Finally we discuss the K-theoretic part. The proof is analogous to the one of the L-theoretic version. The point why we only achieve "up to dimension one" is that the K-theoretic FJC is only known "up to dimension one" (see [5, Theorem B] ). Recall that the inheritance results of Subsection 1.3 are true also in the "up to dimension one" case. Hence the obvious version of Proposition 5.1 in the "up to dimension one" case is true.
Remark 5.5. The assembly map in the case of the case of untwisted coefficients in a ring R
is injective in all dimension n ∈ Z if G is a discrete subgroup in a virtually connected Lie group (see [13] ).
Fundamental groups of 3-manifolds
In this section we sketch the proof of Corollary 0.3 Remark 6.1 (Pseudo-isotopy). Let π be the fundamental group of a 3-manifold. Roushon (see [35] , [36] ) gives a proof of Farrell-Jones Conjecture for pseudo-isotopy with wreath product for the family VCyc for π. Its proof relies on the assumption that the Farrell-Jones Conjecture for pseudo-isotopy is true for poly-Z-groups as stated in Farrell-Jones [24] . Unfortunately in that proof Theorem 4.8 occurs and is needed whose proof has never appeared. Hence the proof of the Farrell-Jones Conjecture for pseudo-isotopy with wreath product for the family VCyc for π is not complete.
Sketch of proof of Corollary 0.3. In this paper we have proved both the K-theoretic and the L-theoretic FJC for virtually poly-Z-groups in Theorem 0.1. One can one check that the rather involved argument by Roushon (see [35] , [36] ) for pseudoisotopy goes through in our setting. Since we know for cocompact CAT(0)-groups only the "up to dimension one" version of the K-theoretic FJC, we only get this version for π.
This check above has been carried out in detail and in a comprehensible way in the Diplom-Arbeit by Philipp Kühl [27] axiomatically. A group G satisfies the FJC with wreath products if for any finite group F the wreath product G ≀ F satisfies the FJC. Kühl proves following Roushon that the FJC with wreath products holds for the fundamental group of every 3-manifold, if the following is true:
• The FJC with wreath products holds for Z 2 ⋊ φ Z for any automorphism φ : Z 2 → Z 2 ; • The FJC holds for fundamental groups of closed Riemannian manifolds with non-positive sectional curvature; • Theorem 1.7 and Theorem 1.8 are true. Since a wreath product G ≀ F for a finite group F and a group which is virtually poly-Z is a again virtually poly-Z, the FJC with wreath product holds for all virtually poly-Z-groups if and only if the FJC holds for all virtually poly-Z-groups. Hence the axioms above are satisfied. 
Reducing the family VCyc
In this subsection we explain how one can reduce the family of subgroups in our setting of equivariant additive categories as coefficients.
Definition 7.1 (Hyperelementary group). Let l be a prime. A (possibly infinite) group G is called l-hyperelementary if it can be written as an extension 1 → C → G → L → 1 for a cyclic group C and a finite group L whose order is a power of l.
We call G hyperelementary if G is l-hyperelementary for some prime l.
If G is finite, this reduces to the usual definition. Notice that for a finite lhyperelementary group L one can arrange that the order of the finite cyclic group C appearing in the extension 1 → C → G → L → 1 is prime to l. Subgroups and quotient groups of l-hyperelementary groups are l-hyperelementary again. For a group G we denote by H the family of hyperelementary subgroups of G.
The following result has been proved for K-theory and untwisted coefficients by Quinn [33] and our proof is strongly motivated by his argument. induced by the up to G-homotopy unique G-map E H (G) → E VCyc (G) are bijective for all n ∈ Z.
Proof. Because of the Transitivity Principle 1.11 we can assume without loss of generality that G is virtually cyclic. If G is finite, the claim follows from BartelsLück [4, Theorem 2.9 and Lemma 4.1]. There only the case of the fibered FJC for coefficients in a ring (without G-action) is treated but the proof carries directly over to the case of coefficients in an additive G-category with coefficients. Notice that action of the Swan group of a group G which is well-known in the untwisted case carries directly over to the case of additive G-category with coefficients. Hence we can assume in the sequel that G is an infinite virtual cyclic group and Theorem 7.2 holds for all finite groups. The holonomy number h(G) of an infinite virtually cyclic group G is the minimum over all integers n ≥ 1 such that there exists an extension 1 → C → G → Q → 1 for an infinite cyclic group C and a finite group Q with |Q| = n. We will use induction over the holonomy number h(G). The induction beginning h(G) = 1 is trivial since in this case G is infinite cyclic and both H and VCyc consists of all subgroups. It remains to explain the induction step.
So fix an infinite virtually cyclic subgroup G with holonomy number h(G) ≥ 2. We have to prove Theorem 7.2 for G under the assumption that we know Theorem 7.2 already for all finite groups and for all infinite virtually cyclic subgroups whose holonomy number is smaller than h(G).
Fix an extension
for an infinite cyclic group C and a finite group Q with |Q| = h(G). Let F be the family of subgroups of G which are either finite, infinite virtually cyclic groups H ⊆ G with holonomy number h(H) < h(G) or hyperelementary. This is indeed a family since for any infinite virtually cyclic subgroups H ⊆ K we have h(H) ≤ h(K) and subgroups of hyperelementary groups are hyperelementary. Since the claim holds for all finite groups and all infinite virtually cyclic groups whose holonomy number is smaller than the one of G, it suffices because of the Transitivity Principle 1.11 to prove that G satisfies the Farrell-Jones Conjecture with respect to the family F . This will be done by proving that G is a Farrell-Hsiang group with respect to the family F in the sense of Definition 1.15 (see Theorem 1.16).
For an integer s define C s := C/sC and G s := G/sC. We obtain an induced exact sequence 1 → C s is − → G s pr s − − → Q → 1. Denote by α s : G → G s the projection.
In the sequel we abbreviate H := α −1 s (H) for a subgroup H ⊆ G s . Lemma 7.4. In order to prove Theorem 7.2 it suffices to find for given real numbers R, ǫ > 0 a natural number s with the following property: For every hyperelementary subgroup H ⊆ G s there exists a 1-dimensional simplicial complex E H with cell preserving simplicial H-action and a H-map f H : G → E such that d G (g 1 , g 2 ) ≤ R implies d Every p-hyperelementary group for odd p admits an epimorphism to Z with finite kernel. A 2-hyperelementary group G admits an epimorphism to Z with finite kernel if and only if there exists a central extension 1 → Z → G → P → 1 for a finite 2-group P .
Theorem 7.14. Let G be a group. Let VCyc I be the family of subgroups which are either finite or admit an epimorphism onto Z with a finite kernel. Let F in be the family of finite groups. Obviously F in ⊆ VCyc I . Then for an any additive G-category A the relative assembly map Sketch of proof. The argument given in [28, Lemma 4.2] goes through since it is based on the Wang sequence for a semi-direct product F ⋊ Z which can be generalized for additive categories as coefficients.
